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The potential model treatment of the scattering of electrons by atoms
and the existence of negative ions
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(Z. Naturforschg. 16 a, 492—500 [1961] ; eingegangen am 6. Oktober 1960)

The low energy scattering of electrons by different neutral atoms has been treated by assuming
that the atomic wave functions remain unchanged even at the presence of the scattered particle
and by neglecting the exchange between the scattered electron and the bound electrons. The po-
tential term in the differential equation of the scattered particle is exactly the atomic potential of
the neutral atom and is approximated by analytical expressions, yielding the potential scattering
equation. The variational treatments of HurtaEx, Konn and a related one suggested by Mauik, are
applied to solve this equation for a Hartree atom with /=0, The scattering by He, C and N is
treated explicitly and the results of He indicate that in this way one may get some good result
without going into the great complexity of the many body problem. It is further pointed out that
the study of scattering by neutral atoms near zero energy under this model may serve as a possible
mean to investigate the existence of different negative ions and their number of bound states. It
seems from this point of view that He™, C” and N~ for this model may exist and have one bound

s-state.

The elastic scattering of electrons by neutral
atoms as well as the formation of the negative ions
are of great interest in connection with upper atmos-
phere physics as well as astrophysics. Apart from
that the partial scattering cross sections are needed
in order to calculate the diffusion cross sections.
Since the energy where only the elastic scattering
takes place, is of the order of 0 to 50 eV, the usual
treatment by the Born approximation loses its vali-
dity. On the other hand the accurate treatment of
the scattering by atoms is a very complicated problem.
Accurate accounts are available only for scattering
by Hydrogen and to a certain extent by Helium?,
Argon 2, Krypton 3, and Sodium ¢. We shall try here
to formulate a semi-phenomenological method which
may be termed as potential scattering model. Al-
though it may not have the same accuracy as when
one would treat each case separately it is simple
and may give appreciably better results than the
Born approximation. Furthermore it seems that this
method may serve as a mean to establish the exist-
ence of different negative ions as well as the number
of bound states available. The scattering by the
Tromas—FErMI atom for elements Z=57 to Z=90
has been investigated by Roinson® who integrated
the wave equation for the scattered electron numeri-
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cally. Tierz € has used the Born approximation with
the same type of potential used here. A perturbatio-
nal approach of the type of Brueckner and Warson 7
to this problem has been studied by Lippman,
MirrLeman and Watson 8 9 who try to get a scatter-
ing potential by rearranging different perturbation
series. But it seems that their approach may have
similar limitations as other methods and is quite
complicated. It is in fact difficult to see the amount
of labour that will be involved and the accuracy
that may be obtained unless some concrete problem
is worked out by their approach.

I. Derivation of the scattering equation

In deriving the scattering equation, we shall usu-
ally neglect the PauLr principle and the so-called
polarisation effect but we shall all along sketch the
type of modification that will come in due to PauLr’s
principle and at the end indicate a possible approach
to consider polarisation. In general we shall refer
to the scattering of electrons by atoms but it is
obvious that the method works also for the scatter-
ing of any particle.

Assuming the nucleus to be at rest having infinite
mass and charge Z, the non-relativistic HamiLtonian

¢ T. Tierz, Ann. Phys. (7) 3,105 [1959].

7 see ref. 8 9,
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SCATTERING OF ELECTRONS BY ATOMS

of the system with the nucleus and (N +1) charged
particles having only Couroms interaction between
them may be written as

N+1 N+1
1 Z 1 1
H= Y (-54- )+ 3 — @
= 27" 2 i,jZ=1 | ri—rj| (1)
LE]

where we have used the atomic units of HARTREE
i.e. h=m=e=1.

1; is the position vector of the i-th electron from
the nucleus, ri=lri| , and 4; is LapLAcE’s operator
acting on the i-th coordinate.

(1) can obviously be written as

H:HA+H.’\'+15
N N
O 1 VA 1 1
HA— 1-21 ('— "2'Az— 7[) -t ) ,']Z=1 ’I'ri_t” ) (2)
’ixj
T W N S S
T BT el = ltvei—rni|

If w(qy, G2---qy.1) be the wave function of the
system, the SCHRODINGER equation is

Hy(qy...qn+1) =Ew(qg...qx541) (4)

where E is the total energy of the system and gy,
02...qv,1 are the configuration and spin coordi-
nates.
Let @, be the total wave function of the atom,
given by
Hy Dr(qy...qn) =Es Pa(qy--.qn) - (5)
We write

(g Qns1) =Palqy...qn) F(qn.1) - (6)

Multiplying (4) by @D.*, integrating over the space
coordinates Ty ...Ty and summing over all the spin
coordinates, we get

y
, z 3 3
[mq+2(m1 i;/drlfdr2... -

. / d3ry 1D@...tw) |_2>

[tve1—ril F(ry.1)=—2E;F(ty.q)

where the normalisation condition
fdl"r1 fd3r2... fd3r‘\~|<15(r,...rx)|2=1
has been used, and E;=FE —E,

is the energy parameter for (/N +1)%t particle.

10 J. Hortsmark, Z. Phys. 66, 49 [1930].
11 A E. Ruark, Phys. Rev. 37, 62 [1940].
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We may note that to be more accurate one has to
antisymmetrize the right hand side of (6) properly.
If one makes allowance in this way for the exchange
between (N + 1)t particle and each of the N par-
ticles, one will obtain an integro-differential equation
instead of (7). The exchange between the N atomic
electrons has been in principle taken into account.

The second term on the left hand side of (7) is
a function of Ty,; alone and may be looked upon
to be the effective potential acting on F(Ty.q); it is
in fact what HarTreE denotes Z,/ry . 1. So (7) may
be formally written as (dropping the suffix)

[A-2V(r)]F(x)=—-2E,F(x). (8)
We expand
FO) = Yan 20V, 0(0,9)  (9)

I,m

where Y; ,,(0, @) is a normalised spherical harmo-
nic. By multiplication of (8) with ¥*; ,,(0,¢) and
integration over the angles we get our final equation

1D ay()|um =0 0)

where k=2E;.
This is precisely the equation of a particle scattered
by the potential

z N
Vr)=— =4 E /d3r1/d3r2...
i=1

-/d3rv]¢(‘l""“')|2
N |t—ri| C

The function V (r) in (7) will take a different form
depending on the approximation used for @ . Al-
though (7) is the HarRTREE equation for F(Iy.q);
the essential idea of self consistency is dropped out in
deducing (7). In calculating @ through (5) the pre-
sence of F (1) is neglected. This corresponds to the
physical picture that the atom remains unperturbed
even at the presence of the scattered particle. An
improvement to this may be done by introducing
a so-called polarisation potential.

For V(r) in (8) one may use the charge density
as given by HarTrRee or HarTrEe-Fock wave func-
tions for the bound electrons. This can be very well
approximated by a series of exponential functions
as done by Hovrrsmarxk !%, Ruark!!, and Bvarr!2.

12 W. O. Byarr, Phys. Rev. 104, 1298 [1956].
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For N=Z, 1. e. neutral atom

Vi =— 2 Y dvexp(=7ar)  (11)

where A, and y, are constants depending on Z.
A polarization potential V. (r) might be added to
the expression (11) for V(r). Vyn(r) is usually
taken as an approximation to a second order per-
turbation calculation in the so-called static model,
i.e. a model where the atom is polarized by the
scattered electron which is assumed to be fixed. The
polarization potential is an attractive potential, which
behaves for large r as r 4.

If (10) represents the equation for the scattering,
with the asymptotic conditions

71(r) 5= const sin (k r— ’721 +l,) ,

2(r) 5550 (12)

where Z; is the phase shift for the [-th partial wave,
the scattering amplitude f(©) is given by

1(©) = 2?1: ; (21+41) Py(cos O)[exp(2i4;) —1]

where P;(cos @) is the l-th LecEnpre polynomial.
The differential cross section for the scattering into
the solid angle d2 in direction O is

1(0)dQ2 = |{(0)[2dQ

and the total cross section
Q=2x /1(@) sin@do="17 3 (20+1) sin? Ay
2 =0 -
= > Q. (13)
=0

II. Relation between the phase shift and the
existence of negative ions

Apart from the obvious simplicity of the eq. (10)
[together with (11)], one can now use the different
theorems connected with the potential scattering
theory. Studying the behaviour of the analytical
extension of the phase shift in the complex energy
plane, one will get information on the bound states
given by the potential in (10). Levixson!3 has
proved a theorem connecting the number of bound
states and the phase shift 4. This may be stated as
follows:

* There is however a conjecture due to Swan that if Pauu
principle is included, Levinson’s theorem would be
2(0) = (n+m) & where n is the number of extra nodes
coming in due to PauL1 principle.

F.B. MALIK AND E. TREFFTZ

If the scattering potential V' (r) is a continuous
(or at least piecewise continuous) function of r
and if ~
[r|V ()| dr+ [P2|V()|dr<eo, (14)
0 1

then either
|A(k=o) —A(k=0)|=m=n

or |A(k=o0) —4(k=0)|=(m+3) =«

where m is the number of eigenvalues on the posi-
tive imaginary axis of the k-plane. In our case the
first of the two equations holds.

Since from the physical point it is clear that a
particle with infinite energy will not see the finite
potential at all, A (k= ) =0.

Studying the behaviour of the phase shift near
the zero energy scattering, one can get information
on the number of bound states available for a po-
tential satisfying (14).

The potential in (10) as given by (11) satisfies
(14) obviously. From the value of 4(k=0) it should
be possible to say if a negative ion of an atom whose
corresponding potential is used in (11) exists and
if so, the number of available bound states of this
ion can be known. The physical atom for which
exchange and the polarisation effects must be in-
cluded, differs certainly from the HaArTREE atom,
that will be used here. The experience shows that
usually the polarisation and exchange potential will
make the attractive potential deeper, so that one
might expect that the number of bound states occur-
ring in the HarTrREE atom will also accur in the
actual ion *. So this model may serve to study the
existence of different negative ions as well as the
number of their bound states.

III. Variational solution

In order to find a suitable solution of eq. (10),
we have applied here the variational methods of
HurrnEén 14, Konn 1° and a related one . We have
used the different relations connecting them in order
to check the consistency of the results obtained. Let
L; be equal

mEﬁm>

( ° ) 2] (1) k ).l())d‘
r2

13 N. Levinson, Mat. Fys. Medd. Dan. Vid. Selsk. 25, No. 9
[1949].

14 L. Hurteéx, K. Fys. Sillsk. Lund Fork. 14, Nr. 21 [1944].

15 W. Konx, Phys. Rev. 74, 1763 [1948].

16 F. B. Mavuik, Z. Naturforschg. 14 a, 172 [1959].

d2 -
dr?




SCATTERING OF ELECTRONS BY ATOMS

with the asymptotic conditions

lim 7;(r)—=sinkr+ (—1)'acoskr,

r— 0o

lim y(r) = 0.

r—>0
Variation of (15) with respect to y; gives

0L;= —kda or O(L,+ka)=0. (16)

For the correct solution is

a=tan/.

Henceforth we are omitting the index [ from L;.

If a suitable trial function for 7;(r) is now chosen
containing n+ 1 independent parameters c;...c,,
a according to HuLTHEN’s method these parameters
are determined by

L=0
aL/aC,'=0,

(17 a)

and (17D)

where J=arctana.

On the other hand Konn !5 uses the following equa-
tions to determine the (n + 1) unknowns
(QL.) ——k, Sl _o0. (18ab)
Qa Ja=ax Sci
The phase shift is then given in first approximation
by
Jg =arc tan (Lg/k + ax) .

The subscript K refers to Koun’s method.

Another possibility to determine the parameters
and the phase shift are the equations 16

[02V (@) jikr) dr= —ak. °L _
(1}

Sk (19 a,b)

and Ay = arc tan (a; + Li/k)

143

where the subscript ,,t“ refers to the parameters
determined by (19 a) and (19b) and j;(kr) is the
spherical BesseL function regular at the origin. The
three methods are interrelated by the equations

3 F -
e %,aé:_ﬂz.,’i_/xﬂV(r) jikr) dr (20)
0

if 8L/aci=0.

A good criterion for the correctness of HuLTHEN'S
method will be an approximate fulfillment of (19 a)

17 Massey-Moiserwitsc, Proc. Roy. Soc., Lond. A 205, 483
[1951].
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and the reliability of the results calculated by (19 a)
and (19b) will depend on the approximate fulfill-
ment of the equation Ly=0. On the other hand if
Lg is quite small against ax k, one may expect a
good result from Koun’s method. The equation (20)
indicates that if any two of conditions (17 a), (18 a),
and (19a) are fulfilled the third is automatically
fulfilled. This seems to indicate that one may de-
termine one unknown parameter ¢, by putting
(20) =0, after either the set (18a) and (18b) or
the set (19 a) and (19 b) has been used to determine
the rest of the parameters (not using 9L/Scy=0).
This procedure means an amalgamation of all three
methods and simultaneous fulfillment of the respec-
tive reliability condition.

In the following we have used the potential scat-
tering model of part I and the variational methods
of part III to treat low energy s-wave [i.e. [=0 in
(11)] scattering by neutral He, C and N atoms
where we have taken pure Hartree-field (i.e. no
exchange in ). The parameters 4, and y, are
taken from the table given by Bvarr 2. The ansatz
for the trial wave function 17 is

Yo=sinkr+ (a+bec ") (1—e ") coskr. (21)

In the calculation for these three cases we have put
c¢=d and have determined this parameter in such a
way that (20) =~ O approximately for all energies,
and the rest of the parameters are determined either

by (18a) and (18b) or (192) and (19b).

IV. Results and Discussions

a) Scattering by helium atoms: Table I a gives the
s-wave phase shifts and low energy electron scatter-
ing (0 to 54 eV) by He-atoms. The subscripts H, K
and t correspond to the results obtained by HuLtrEN,
Koun and equations (19a), (19b) respectively. Q;
represents the cross section for /=0, using the Z;
values. The column, “numerical integration” means
the use of numerically tabulated ground state He
Hartree wave function for @ in the integral of equa-
tion (7) and solving the corresponding differential
equation for xy(r) numerically, to get the phase
shifts. The column “Moiserwrtsce’s value” refers to
the values obtained by Moiserwirscu 18 using Hur-
THEN’s method to solve the corresponding equation
for xy(r), if one uses simple SraTER type wave func-

18 B. L. Morserwirsch, Proc. Roy. Soc., Lond. A 219, 102{1953].
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a) The phase shifts

F.B.MALIK AND E. TREFFTZ

Wave | Wiioisse Numerical | \1:'{1(')1'15?1:{1’-5 1 |
No. ! ol | integration  “Toe i st Ji(Pot. T) | A(Pot. II) | Qymac?
| } (HULTHEN) 4 i ;
0.136 | 00184 | 2570 2340 | 2312 | 2417 | 2454 | 2,028 | 87,569
0272 | 00739 | 2110 l 1960 | 2023 | 2023 | 2.060 1729 | 42,175
1.000 | 1.000 — ‘ — | 1371 | 1370 = 1.388 | 1.252 | 3.868
1.053 1.1088 1.360 | 1.340 1.347 1.346 1.345 1232 | 3427
1.359 1.8468 1.260 | 1.220 1.229 1.228 1.238 1134 | 1.935
1.922 3694 | 1090 | 1.070 1.073 1.073 | 1.069 0.999 0.832
2.000 4000 | = . 1056 | 1.055 | 1.050 0.984 0.752
b) The parameters and the reliability conditions ¢=1,6875

. i 1 ‘ ‘ 1 i i
k2in a.u. ax j an ay(Pot. I) ‘ bk ‘ bu | b (Pot. I) | Ll ‘ It{:)f;e%;gtz{n ‘ Lok
0.0184 | — 0.866 \ — 0885 | —082 | —1.045 | —1.088 | —1.948  — 0.020 - —0914 | —0.061
0.0739 | —2.009 | —2.059 —1878 | —2460 | —2.564 | —2.189 | —0052 | —2130 | —0.170
1.0000 | 4.628 4918 5.417 6.884 l 6.973 | 7.125 0.301 5.108 —0.001
1.053 4106 | 4.376 4.744 6.204 — = 0.280 | s .
1.8468 2.626 2.805 2.891 4200 | 4.113 4.071 0.182 | 2864 | 0.000
3.694 1.957 1.838 1.821 2.708 2.810 2824 | —0.118 | 1.824 0.000
2.000 1.940 1.765 1.743 2.566 2718 | 27737 | —0.173 1745 | 0.000

tions for the ground state of the He-atom. For the
rest of the columns, but for the column under 4
(Pot. IT), we have used the two term exponential
series of Bvarr 12 to approximate the Hartrek field,
and 4; (Pot. II) gives the result if only one expo-
nential term is used to approximate the HARTREE
field. The reasonably good agreement between Ay,

Table I. Elastic scattering of low energy electrons by the neutral Helium atom (for s-wave).

and each of 2y, Ak and 4; (Pot. I) certainly indicat-
es that the analytical potential is a good approxima-
tion to the HarTREE potential. 4; (Pot. I) agrees on
the whole best with Ay , the derivation lying between
0.8% to 6% of iy . The result of 4; (Pot. II) where
only one exponential term has been used to approxi-
mate the Hartree field, shows the need for a good

-
3 Fig.1a. The phase shift for s-wave
scattering by Helium atoms for different
energies. I numerical integration;
IT Morserwirsc’s values; IIT g .
2
2
A I
1 ] 1 1 |
0 7 2 3 at. units 4



SCATTERING OF ELECTRONS BY ATOMS

approximation of the atomic field; the deviation of
Morserwitsce’s results from Ay confirms this point
too. Table Ib gives the values of the parameters a
and b. The column “integration for tan Ay’ means
the integration of the left hand side integral of (19 a)
(divided by k), using HuLTHEN’S parameters for the
wave function. It is a check for HuLTHEN’s method,
and should be equal to ay. Lg/k and Li/k are given
as check of Koun’s and the last method respectively.

Fig. 1 a gives the phase shifts Ay, 4y (i. e. Morskr-
witscH’s value) and 4; (Pot.I) against energy in
atomic units (k=1 corresponds to £E=13.6¢V).
Fig. 1b plots Q; against A% and Fig. 1 ¢ shows the
difference of the phase shifts between Ay and Ag.
Ay and g, and Ay and 4; (Pot. I) showing that 4;
gives the best variational result over the whole
energy range for this case.

It seems that the two term exponential potential
is a good approximation of the HarTree field and
since this potential satisfies the condition (14) and
the zero energy phase shift tends to 7z, one may
conclude from § II, that the two term exponential
potential corresponding to HarTrEE field is strong
enough to have a bound state. Since the net effect
of the exchange and polarisation terms is expected
from experience to make the potential more attrac-
tive, this makes the existence of He ion plausible;
contrary to the usual belief. It may of course be
very loosely bound. But if it does exist and has an
energy of the order of — 0.5 eV, this will certainly

90,

80f

60

Q,/na?

201

0

0 1 2 at units 3

kP—e

Fig.1b. The total cross section for scattering by Helium
using the s-wave contribution only.

1% H.R. Jornson and F. Romruica, J. Chem. Phys. 30, 1608
[1959].
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025
020
015
A
010
An-Ag=Ay-Ay
An- Ay
0.05
/_\
1 1 1
0 1 2 atunits 3
K ———

Fig. 1 c. The difference curves between the numerical result
and the results obtained by the three different variational
methods for different energies.

have influence on the continuum of the photosphere
spectrum of the sun, where there is indeed still some
discrepancy between the theory and the observation.
The free-free and the bound-free transitions of He
will give contribution to this continuum spectrum.

b) The scattering by carbon atoms: An approxi-
mation of the HArTREE field by three exponential
functions has been used to calculate the s-wave scat-
tering in this case (s refers here only to the angular
momentum of the scattered particle, the total angular
momentum is different). The parameter ¢ has been
chosen in such a way that the three methods give
the same result and varies slightly from higher to
the lower energy, where it becomes constant.

Table II a gives the phase shift, and the total cross
section. Table IT b gives the values of the parameters
together with Ly /k, integration for tan Ay and Li/k.
Fig. 2 a plots the phase shift against the energy, and
Fig. 2b gives the total cross section as a function
of energy. The zero energy phase shift A== con-
firms the existence of the already established C™ ion.
The HarTreE field seems to be strong enough only
for a single bound s-state. The supposition 1% 20 that
there may be an excited state of C” ion is left open

20 D. R. Bates and B. L. Morserwrrsch, Proc. Phys. Soc., Lond.
A 68, 540 [1955].
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a) The phase shijts
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/];"’l(l 'BL.\U. c-value e I ‘ At Qi)™ ap?

(;.005 2,60 2.816 2.816 i‘ 2.816 81.853

0.01 2.60 2.688 2.688 ; 2.688 76.808

0.05 2.60 2.224 2.224 ‘ 2.224 50.453

0.10 2.60 1.956 1.956 | 1.956 34.352

0.50 2.60 — 1.243 — —

0.80 2.60 1.017 1.017 1.017 3.617

1.00 2.55 0.905 0.905 ‘ 0.905 2.474

1.20 2.55 0.814 | 0.813 0.813 1.759

1.50 2.45 0.693 | 0.692 0.692 1.086

b) The parameters and the reliability conditions
! ‘ ‘ ‘ ‘ | eorati
k2 in a.u. ag | ag a | bk ‘ br } by Lx/x It%tre?;it;’(;n " Lt/k

0.005 | — 0337 —0.338 —0.334 | 0.824 0.828 0.816 — 0.001 — 0.340 — 0.004
0.01 — 0486 | — 0.488 —0.482 1.193 1.198 1.182 | — 0.002 — 0.490 — 0.006
0.05 —1.305 | —1.307 | — 1.299 3.280 3.287 3.262 — 0.002 — 1.311 — 0.006
0.10 — 2471 | — 2470 | — 2.477 6.395 | 6.391 6.411 | 0.001 — 2.468 0.007
0.50 2.994 2.940 2.832 | — — | s T == — —
0.80 1.658 1.618 1.590 | —6.222 | —6.119  —6.045 | — 0.039 1.602 0.028
1.00 1.346 | 1.273 1.243 | —5490 | —5.308  —5.232 | — 0.071 1.252 | 0.029
1.20 1.105 1.058 1.045 | o 5.010 | —4.893 | —4.861 | = 0.047 1.046 0.013
1.50 0.931 | 0.829 0.817 | —4.710 | — 4475 | —4.446 | —0.100 — 0.819 0.012

Table II. Elastic scattering of low energy electrons by the neutral Carbon atom (for s-wave).

w 80'

3
K 60

2
i 40
Q,/ma?

1 Y

S~ 20
0 " 1 atunits 2 0

AT

Fig. 2a. The phase shift

s-wave scattering by Carbon
atoms for different energies.

since this will certainly require inclusion of the ex-
change and polarisation term in the wave function

for the negative ion.

c¢) The scattering by nitrogen atoms: Here too we
have used three exponential functions to reproduce
the Harrree field. The parameter ¢ is chosen just
as in the case of Carbon and is constant but for

=2,

—

for  Fig. 2 b. The total cross sec-
tion for scattering by. Carbon
taking s-wave contribution

1 atunits 2

k& ——

only.

In Table III a the phase shifts calculated by the
three methods and the total cross section using 4
are tabulated. Table III b lists the parameters and
Ly/k, integration for tan 2y and L/k . Fig. 3 a gives
the phase shift as a function of energy. Fig. 3 b re-
presents Q; as a function of £2.

The value of zero energy phase shift indicates
that the existence of N ion is possible, which con-
firms the result of Jonnson and Romriicu!? who

] 80
3
\ 60
1 2
x L 40
Qu/ma?
7 | 20}

0 1 ot units 2 0 1 atunits 2
kP—e K2—

Fig. 3a. The phase shift for Fig.3b. The total cross sec-

s-wave scattering by Nitrogen  tion for scattering by Nitro-

atoms for various energies. gen taking s-wave contribu-
tion only.
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a) The phase shifts
| |
kgf’:‘;g‘; c-value | K \ H | At Qt/m ap?
.u. ‘ ‘ |
- o e e N
0.005 | 3.00 2.841 2.841 2.841 ‘ 70.135
0.05 3.00 2.286 2.286 2.286 | 45.597
0.10 [ 3.00 2.030 2.030 | 2.030 \ 32.142
0.50 3.00 — — ; 1.344 | 7.595
0.80 3.00 : 1.128 1.128 | 1.128 4.082
1.00 3.00 1 1.022 1.022 ‘ 1.022 2911
1.50 3.00 ‘ 0.825 0.825 0.825 1.439
2.00 2.90 0.676 0.676 0.676 0.783
b) The parameters and the reliability conditions
| | T 2 T
k2 in a.u. | ax ‘ ayg !‘ ag bK bH ! bt v LK/k If%t‘e%;zt;’? ‘ Lt/k
0.005 | —0.308 | — 0.311 — 0.303 0.763 | 0.770 | 0.748 | — 0.002 — 0.314 — 0.008
0.05 —1.146 | —1.153 | — 1.127 | 2.896 | 2916 2.839  — 0.007 — 1.163 — 0.026
0.10 . —2.017 | —2.026 —1.984 5.213 | 5.239 5.118 | — 0.009 — 2.038 — 0.041
0.50 4.375 4.342 | 4.219 — — — | - — —
0.80 2.137 2.108 2072 | —7.388 | —7.309 —17.312 | —0.029 2.092 0.035
1.00 1.660 1.636 1.617 —6.209 | —6.147 —6.097 —0.024 | 1.626 0.018
1.50 1.072 1.082 | 1.085 | —4.925 | —4.951  — 4.960 0.010 1.085 — 0.003
2.00 0.795 0.802 | 0.803  — 4.430 ; — 4447 | — 4450 ‘ 0.007 0.803 0.001

Table III. Elastic scattering of low energy electrons by the neutral Nitrogen atom (for s-wave).

obtain a dissociation energy of 0.5 eV for N~ where-
as Bates and Morserwitsca 2° come to the conclusion
that N™ ion is unlikely to exist. While Branscoms’s 2!
experiment is uncertain about the existence of N7,
the experiment of BoLpr 22> on the spectrum of gas
discharge in N shows a continuum which he could
explain by the bound-free transition of N™. The
existence of the N™ ion will be of interest in con-
nection with upper atmosphere physics.

In conclusion, we may mention that a general
computation program for the electronic computer
G2 has been set up to calculate the scattering by
any neutral atom having atomic number Z < 80 with
the trial function (21) for ¢+ d but ¢+ d <8 in the
energy range O to 54 eV and for a potential re-
presented by at the most three exponential functions.
This program is available for any particular interest.
The functional L given by (15) and the expression
for a k given by (19 a) are noted in the appendix.

For details, we may note that the scattering by oxy-
gen, fluorine and potassium has been tried under this
scheme but from the criteria of reliability of the varia-
tional methods it seems that the results obtained are
unreliable and ¢ varies very much if one wants to choose
it in such a way that all variational methods give the

21 1., M. BranscomB, Advances in Electronics and Electron
Physics. Vol. IX [1957].

same result. This may be due to the fact that in all
these cases more than one bound state exist and the
ansatz (21) is not good; one may have to use some
more exponential functions in (21).

All calculations are done on the electronic computer
G 2 at the Max-Planck-Institut fiir Physik und Astro-
physik.

We thank Professor Heisexsere and Professor Bier-
ManN for their interest, the calculating group here for
their helps, and Mr. Vaiova for some discussion on § II.

Appendix

Introducing the expression (11) into eq. (15), one
obtains for /=0:

L=/Xo
0
dz Z
:fxO [—dr; R 7 dr+/xo 2L A gy dr.
0 0 "

Substituting (21) for ¥,
L=CXE@>+CXE D2+ CKE a b+ CKE a4+ CKE D
+CyPE a2+ CyPE b2+ CyPE a b+ C,PE a+ C5PE b+ CyPE

32

& 2
dr? ol r

Z An C_y"r] %o dr

where the C’s are functions of ¢ and d. The explicit

22 G. Bovpr, Z. Phys. 154, 330 [1959].
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forms of the C’s are

2
KE _ v (v d)*+2 K* }
CRE=d? ) {( 1)’ ( )2 vd[(v d)?+4 k]

»=0
+2k2d2{(—1) ( )2 («yd)l+4k2}

r=0

S

@ ct+vd)2+2 k2
@ c+u A2 c+rd)2+4 k]

ce= ¥ Y (=1 (f){[c2+v(cd+d2)]

2 @ed+ d2))

k22 c+v d) 7}
2ctrd)2take

. (ct+vd)2 42k 212 (c+v d) }
(c+vd) [(c+vd)*+4 k] * (ctvd)+4k
CKE=_k, C&E=0,

2
=23 Y (_1)v+1<f)2-1A,.
n y=0

“[In((rn+» d)*+4 K% +21In(ya+vd)],

C,,PE:ZZAn arc tan
n

F.B. MALIK

2
C2P5=ZZ Z (_1)v+1(12)>2—1An
n r=0

‘(n((n+2c+vd)24+4 k) +2In(yn+2c+rvd)],

CyPE = 2222( ( ) .

n »=0

[In((yn+c+rd)2+4K)+2In(yp+2c+rd)],

2kd
Pn(yn+d) +4 K2’

2kd
(yn+c) (Pntc+d)+4K2°

C5PE=ZZAn arc tan
n

CPE——ZZZ lA ln m,

The equation (19 a) gives 1%
ak=(CKE4+C,PE) a+ (CRE+CPEY b+2C,.

Elastic Scattering of Low Energy Positrons by Atoms

By F.B. Maux *
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1960)

Elastic scattering cross sections of low energy positrons (0 to about 40 eV) by Helium, Carbon,
Nitrogen, Oxygen, Fluorine, Neon and Argon atoms are calculated by variational methods. The scat-
tering potentials are taken to be the analytical approximations of different HartrEE potentials. Only
s-wave is included. Comparisons with the available experimental datas of positron scattering by He,
Ne and A reveal that either a considerable strong polarisation potential will be required to bring
the theoretical results at par with experiments or the formation of virtual positronium play a

dominant role for this kind of elastic scattering.

Lately some experimental results are available
for the elastic scattering of positrons by atoms and
this has revived naturally some interest to treat this
problem theoretically. This problem is theoretically
simpler than electron scattering since there is no
exchange between the scattered positrons and the
bound electrons. Massey and Moussa ! treated theo-
retically the positron scattering by He, Ne, A and
H atoms in HarTREE-approximation where the total
wave functions of the system is written as a product
of atomic wave function and the scattered wave
function; they solved the derived differential equa-
tion for the scattered wave function numerically

* Now at Princeton University and with Pakistan Atomic
Energy Commission.

1 H.S. W. Massey and A. H. A. Moussa,
Lond. 71, 38 [1958].

Proc. Phys. Soc.,

using HARTREE wave functions for the atomic elec-
trons of Ne and Hartree-Fock wave functions for
He and H. Their results indicate that for positron
scattering the polarisation is of fundamental impor-
tance 2. On the other hand it seems that the com-
parison of the experimental datas with the theore-
tical calculations of no-polarisation approximation
may serve as a possible mean to determine the
polarisation effect so long as one tends to take this
effect in a potential form. The already theoretically
available calculations of polarisation potential by
perturbation methods have more validity for posi-
tron scattering since in most of the cases, the ex-

2 cp. also A. H. A. Moussa, Proc. Phys. Soc., Lond. 74, 101
[1959].



